Abstract. In this paper k-sets of type (a, b) with respect to hyperplanes are constructed in finite projective spaces using powers of Singer cycles. These are then used to construct further examples of sets of type (a, b) using various disjoint sets. The parameters of the associated strongly regular graphs are also calculated. The construction technique is then related to work of Foulser and Kallaher classifying rank three subgroups of A L(1, p R ). It is shown that the sets of type (a, b) arising from the Foulser and Kallaher construction in the case of projective spaces are isomorphic to some of those constructed in the present paper.
Introduction
In a finite projective space of dimension n and order q, a k-set of type (a, b) is a set K of k points such that every hyperplane of the space meets K in either a or b points, for some integers a < b.
In projective planes, k-sets of type (a, b) have been extensively studied. They include hyperovals (k = q + 2, a = 0, b = 2, q even), maximal arcs (k = q(b − 1) + b, a = 0), unitals (k = q 3/2 +1, a = 1, b = q 1/2 +1, q a square) and Baer subplanes (k = q +q 1/2 +1, a = 1, b = q 1/2 + 1, q a square). See [6] and its bibliography for various constructions and results.
For higher dimensions an extensive survey can be found in [1] . The paper also surveys the relationships between k-sets of type (a, b), strongly regular graphs and two weight codes.
The aim of the current paper is to give a construction of k-sets of type (a, b) which both provides new examples and unifies certain of those previously known. In Section 2, k-sets of type (a, b) are constructed using suitable powers of Singer cycles. The parameters of the sets are calculated, and disjoint unions of such sets are shown to give more k-sets with two intersection numbers. In Section 3, the sets constructed in PG (2, q) are studied and some of them are shown to be isomorphic to those arising from previously known constructions. In Section 4 the relationship of this work to a theorem of Foulser and Kallaher is examined.
In the following we will use the notation: x | y to denote that x divides y; gcd(x, y) to denote the greatest common divisor of x and y; x ≡ y(z) to denote that x is congruent to y modulo z; |x| y = z to denote the order of x modulo y is z; for integer x, y and z.
Construction of k-sets of type (a, b) in projective spaces
In this Section sets of type (a, b) are constructed in projective spaces using certain powers of Singer cycles.
Consider GF(q n ) as an n − 1-dimensional projective space PG(n − 1, q) over GF(q). acts regularly on the points of PG(n − 1, q), i.e. it is a Singer cycle on PG(n − 1, q).
In the following we will take certain powers of w and show that their orbits are k-sets of type (a, b) with respect to hyperplanes in PG(n − 1, q). The main theorem we use to show that these are sets of type (a, b) is that if a group acting on a projective space has two orbits on points then it has two orbits on hyperplanes (see for instance [2,2.3.1] ). Having two orbits on hyperplanes then means that the set stabilised has at most two intersection numbers with respect to hyperplanes.
The simplest case we can consider is orbits of w 2 . Suppose that n is even and q is odd, then q n − 1 and 
Proceeding as above gives the required result. 2
Parameter calculations
We now calculate the values for a and b in Theorems 1 and 2. The following is a straight forward generalisation of counts for k-sets of type (a, b) in projective planes found in [9] and [10] .
For ease of notation we write τ n = (q n − 1)/(q − 1), where q = p h . Let K be one of the sets constructed in Theorems 1 or 2. The size of K is then given by k = τ n /r (where r = 2 in the case of Theorem 1). The complement of K then has size (r − 1)τ n /r . Let t a and t b be the numbers of hyperplanes that meet K in a and b points, respectively. Then
Counting ordered pairs (P, ) such that P is a point of K and is a hyperplane containing P in two ways gives
Counting ordered triples (P, Q, ) such that P and Q are points of K and is a hyperplane containing P and Q in two ways gives
The action on hyperplanes is the same as that on points. One hyperplane of So φ normalises g . Since the normaliser of g in the correlation group contains a duality φ, φ interchanges the orbits on points of the normaliser N of g in the collineation group with the orbits of N on hyperplanes. Therefore we can choose t a = k and t b = (r − 1)k.
Solving (2) and (3) for a and b then gives
where c is a root of
This has solutions
.
Notice that the difference of the two solutions for b is 2q
n−2 2 /r . Both of the solutions for b may not simultaneously be integers unless r = 2. Similarly for a. Hence for given r = 2, n and q we have unique solutions for a and b.
When r = 2, we get
giving a unique solution (up to interchange of a and b).
Disjoint sets of type (a, b)
Let K and M be disjoint k-sets of type (a, b) with parameters as is the previous Section. We show that the union K ∪ M is a 2k-set of type (a + b, 2b) with respect to hyperplanes. The counts that we use to do this are a generalisation to higher dimensions of counts for PG (2, q) in [5] .
First, let λ be the number of b-secants to K on a point not on K. Then counting the set of pairs (P, ) such that P ∈ K, a hyperplane containing P and meeting K in b points in two ways gives
Substituting the above values of b, t b and k and solving for λ then gives
Let x be the number of hyperplanes that are b-secant to K and a-secant to M. Then counting the set of pairs (P, ) such that P ∈ M, a hyperplane containing P and meeting K in b points in two ways gives
and hence
Substituting for the above values of a, b, t b and λ and simplifying gives 
Strongly regular graphs
Associated with every set of type (a, b) with respect to hyperplanes in PG(n − 1, q) are strongly regular graphs, see [1] for details. We conclude this section by calculating the parameters of the strongly regular graphs arising from the sets of type (a, b) constructed in the previous subsections.
Theorem 4 The sets of type (a, b) constructed in Theorems
Proof: Straight forward calculation using the parameter correspondence for sets of type (a, b) and strongly regular graphs given in [1] 
Sets of type (a, b) in PG(2, q)
In this Section we examine the sets constructed by Theorem 2 in PG(2, q). Note that Theorem 1 does not apply as 2 does not divide q 2 + q + 1. The assumptions of Theorem 2 are that p is prime, h a positive integer, q = p h , such that p is a primitive root modulo r , p 3h ≡ 1(r ) and that either p h ≡ 1(r ) or r divides gcd(3, p h − 1). The values for a and b become:
First note that since we require q 1/2 = p h/2 to be an integer, h must be even. We consider two cases of the Theorem: (I) r divides gcd(3, p h − 1). In this case r = 3. Now p has order 2 modulo 3, and so equivalently p ≡ −1(3). Hence the assumptions are equivalent to the conditions that h be even and p ≡ −1(3), and we have the Corollary:
Corollary 1 Suppose that h is an even integer and p is a prime such that p ≡ −1(3). Put q = p h , then there exists a (q 2 + q + 1)/3-set of type (a, b) in PG(2, q). If 4 divides h then
The choices for a and b follow from the fact that since p ≡ −1(3), 3 divides q +q 1/2 +1 = p h + p h/2 + 1 if and only if h/2 is even. These k-sets of type (a, b) were previously known, and are a subclass of a class credited in [1] to an unpublished paper of R. Metz.
, and so p h/2 either has order 3 or 6 modulo r . We consider these two cases:
(II) (a) p h/2 has order 6 modulo r . Note that q 2 +q +1 = (q +q 1/2 +1)(q −q 1/2 +1), so either r | (q +q 1/2 +1) or r | (q −q 1/2 +1), but not both. Since r = 3, r | q +q
. So for the current case r | q − q 1/2 + 1, and we get the following result. 
Corollary 2 Let p be a prime, h an even positive integer, and r
Since r divides q − q 1/2 + 1, it follows that the order of the power of the Singer cycle g r that we are taking is some integer multiple, x say, of q + q 1/2 + 1. Hence the subgroup of g r generated by g r x has order q + q 1/2 + 1. It is well known that the orbits of such a subgroup of a Singer cycle are Baer subplanes (subplanes of order q 1/2 ) of the plane. Hence the sets constructed in the Corollary are unions of Baer subplanes. In [3] , M. de Finis constructed partitions of PG(2, q) into Baer subplanes, q a square, using powers of Singer cycles and noted that the union of any subset of the partition gives rise to k-sets of type (m, n). Hence the sets of the Corollary are a subclass of those constructed by de Finis.
(II)(b) p h/2 has order 3 modulo r . In this case r | q + q 1/2 + 1. Since p has order r − 1 modulo r it follows that r − 1 | (3h/2), and so h/2 is even, and we get the Corollary:
Corollary 3 Let p be a prime, h a positive integer such that 4 | h, and r = 3 a prime such that p is a primitive root modulo r and p
3h ≡ 1(r 
). These can be seen as unions of subplanes of order q 1/4 . The current sets are a subclass of the examples of de Resmini. (II)(b)(ii) p h/4 has order 3 modulo r . In this case of the Corollary the sets arising were not previously known.
Note that with all of the above Corollaries we may also apply Theorem 3 to construct more k-sets of type (a, b) .
In (II)(a) and (II)(b)(i) above it was noted that the sets could be described as unions of subplanes of the plane. In the following we show that many of the sets, including some of those in (II)(b)(ii), can be described as unions of subplanes. 
Suppose that r divides the term p Example Suppose r = 13. Then we require that p is congruent to 2, 6, 7 or 11 modulo 13, and h is congruent to 16 or 32 modulo 48. The smallest example is a 330387141-set of type (4805, 5061) in PG (2, 2 16 ). Since 13 | 2 4 − 2 2 + 1 this can be seen as a union of subplanes of order 4.
Subgroups of ΓL(1, p R )
In the following we recall work of Foulser and Kallaher ( [4] ) which classifies subgroups of L(1, p R ) that have two orbits on GF( p R ) * . In certain cases these give k-sets of type (a, b) in PG(n − 1, p R/n ). We show that for a large number of cases (including PG (2, q) ) the k-sets of type (a, b) obtainable from such subgroups are isomorphic to those constructed in Section 2.
We follow the notation of Foulser and Kallaher in [4] . Let w be a generator of GF( p R ) * and α : x → x p be a generator of the automorphism group of GF( p R ). The group w, α generated by w and α is then L (1, p R (4, 9) in PG(2, 125) and a 3189-set of type (4, 11) in PG (2, 343) by taking the orbits of the 19th and 37th powers of the Singer cycles, respectively. Neither of these are stabilised by a subgroup of L (1, q 3 ) having two orbits, indeed the planes that these occur in do not have square order.
Foulser and Kallaher's results show that the sets of type (a, b) constructed in Theorems 1 and 2 were in some sense known before. However, their results are not well known, the conditions they gave were complicated, and it was not easy to tell when the sets existed, let alone what the actual values for a and b were, or the parameters of the strongly regular graphs arising from them. In [7] , Liebeck and Saxl calculate parameters for strongly regular graphs arising from primitive rank three groups except those given in this paper. Our aim here has been to give an easy condition for the existence of these sets of type (a, b) and their parameters, as well as to construct new examples using disjoint sets of type (a, b). In particular, despite their claims to the contrary, these examples of sets of type (a, b) were omitted from [1] .
